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A  REFINED  THEORY  OF  ANISOTROPIC 
SHELLS 

S.  A.  Ambartsumyan  (Yerevan) 

1.  In  this  work  is  constructed  a  new  refined  theory  of 
anisotropic  shells  which  is  based  on  the  following  assumptions: 

a)  when  defining  deformations  e  and  eR  is  considered  that 

ocy  py 

shearing  stresses  t  and  are  not  distinguished  from  the 
appropriate  stresses  t^0  and  t^0,  found  from  the  classical  theory; 

b)  deformation  e^  and  normal  stress  a ^  are  not  distinguished 
from  the  appropriate  values  (e^°,  a^° )  of  the  classical  theory. 

As  usual,  the  shell  is  related  to  a  triorthogonal  system  of 
curvilinear  coordinates  a,  3,  y,  where  y  is  the  rectilinear  co¬ 
ordinate  normal  to  the  middle  surface  of  the  shell.  At  every 
point  of  the  shell  there  is  only  one  plane  of  elastic  symmetry, 
parallel  to  the  middle  surface.  The  displacements  of  the  shell 
are  small,  while  deformations  are  subject  to  the  generalized 
Hooke's  law  for  an  anisotropic  body.  The  accepted  here  unspecified 
designations  have  been  taken  from  works  [1,2]. 

The  distinction  of  the  proposed  theory  from  earlier  known 
theories  is  here  there  is  no  widespread  hypothesis  about  the 
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Independence  of  normal  displacement  u  on  coordinate  y. 

Taking  hypotheses  a)  and  b),  which  are  actually  approximately, 
it  is  assumed  that 


r  •  •  •  4  • 

T.t,  T5Y^-  tflY%  0y:'  CY;  C*y  ~  C* T,  fyy  *r  **  'V 


(1.1) 


Finally,  let  us  say  that  if  we  treat  the  classical  theory  as 
the  zero  approximation,  the  proposed  theory  can  be  considered  as 
the  subsequent  first  approximation. 

2.  From  the  classical  theory  [1]  for  stresses  t  °,  °. 

ay  By  ’ 

and  oY°  we  have  (Fig.  1). 


Fig.  1. 


Tat  ’  -  Xi  -f  -j“  A'|  4*  4"  (-3 - T*J«Po 

T*r  “  Yi  -f  *4*  y%  4-  4“  (4 - T1)  'to 

V  =*  *4  -  -f(£  -  r*j  «4gr  l(^<Po).»  4-  MoW  - 

-^(t-*^)(W4-M/*°) 


(2.1) 


In  expressions  (2.1)  the  following  designations  are  used: 


•V,  ~  W-A”),  K,  =  */j  {Y  *  —  Y  "),  Z^'UiZ'-Z-) 

xa-x*  +  x\  r#  =  r +  4-  y z,.«z*  +  z-  (2.2) 

lw  ttDW*)U  4-  5,«^*(/?*»)4-  (j4/|(//ji)1,p  —  ^,$/|(5u)|  u>0  (2.3) 
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i.ur.\-  HsLfJLtJL  JL\jl.  Li*  aij  o  *«  r  ,rJ  1  **  3 

'  '  «  Ld3  >  /t  'tf/'r  S t>  to  to  J  "*  “  AB  [tot#  5  dx  <# 

_  J_  '?  -t  <*  ■}  .  *,*  r  i’  /  I  d  \  ,  1  «).4  t?  1 

•4  <’3  to  j  '  .1  Ifa  ‘  .4  di/~r  O'-  *3  t#j  < 

y1/,°  =,  /W  +  Dlixi°  -h  Dlt T°,  tf°  »  Dj.Hj0  4-  z>2«  Xj°  -f  Z>i*T6 

r"  ^I2X2  T  ^UX1°  4"  D j*  =.  */j2  /i 


(2.-4) 


(2.5) 


Here  Bik  -  elastic  constants;  M^°,  H°  -  internal  moments, 
h  -  the  thickness  of  the  shell,  -  the  stiffness  of  the  bend, 
k^°,  t°  -  the  changes  in  curvature,  and  twisting. 

.4. 

It  is  evident  that  all  magnitudes  with  subscripts  zero 
represent  the  classical  theory. 

Further,  from  the  classical  theory,  according  to  the  general¬ 
ized  Hooke’s  law,,  for  deformations  we  have 


where 


9w  *-•  K*  4-  x  r  +  “Ht*  “  ^l0*0 

fr°  ~j^(ai 3^1°  T  a*niV  4-  4-  Tt^t  (<*ia^/ 1°  4*  4  — 

K*po>.«  +  (^o).el  - 

—  P"  (~ —  T*  j  ®3j  »°  4-  kt M t°)  4-  o33  (Zj  4-  -j{-  Ztj 

(Reproduced  from 
L  &st  available  rnpy 

X '  *  “  ,’155^1  ■*■  ^  —  a»6^2  4-  045^2.  Oi0  =  Ojjipo  4-  a46t|)0 

y  —  a^iXl,  Y  atiYz  -f  OtsX2,  <l>2°  --  a44\{>0  4-  04*90 

7’,°  =  Cnei°  4-  C,2 f..°  4-  Cl8u)0,  5°  ==  C^ej0  4-  Ct 4-  C*»o)° 

fj  — •  CjjFj  t  L’jjEj0  -p  C»t o)°,  Cik~  hBi h 


(2.6) 


(2.7) 


(2.3) 


(2.9) 
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'Here  a^k  —  elastic  constants;  Ti°, 
forces,  Cik  -  elongation  hardness,  ei°, 
mat ions  of  elongation  and  shear. 


S°  -  internal  tangential 
a)0  -  the  relative  defor- 
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3.  Using  the  geometric  equations  of  the  theory  of  elasticity, 

according  to  (2.6),  (2.7)  for  the  displacements  of  any  point  of 

2  2 

the  shell,  with  an  accuracy  of  1  ±  h  *=  1  we  obtain 


Uy  *.  u>  +  rT*  +  y'Af  +  T *K*  + 

'  *"  1  3I' 


o.  =  u(t  +  *ir)  -  r 
_4f.(l_*!L  \A 


A  dot 

\  «  i  *|Y\  h*  <b> 

)H—  +  r^  +  -r)-5r<J>i  - 


A  dot 


-  f  (• + -T-)®. +r(>  +  + |-(i + 4?-)  i" 


(3.1) 


(3.2) 
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u(a,  (3),  v(a,  3),  w(a,  6)  -  the  desired  displacements  of  the 
middle  surface  of  the  shell 


f*  •« 


3a« 

2h 


K°  -f  «nZ{ ,  .Vf*  =  -Jr/Vf 


’  hl—n  n° 


I  7 


1 0  -*  Cjaf  i°  -f-  flj.if »°  *}'  • 

(?#-il!%),.T(4b), 


JV*  =:  4^  <>° 

l/°  al3M i°  -f  <**:» M i°  *f  ®3»^° 

A'3  =-•  lc\M°  4-  kt&ff 


(3.3) 

(3.4) 


Examining  formulas  (3-1) ,  (3-2)  we  note  that,  unlike  all  re¬ 
fined  theories  of  the  class  in  question,  the  geometric  model  of 
deformation  of  a  shell  here  is  such  that  all  components  of  the 
displacement  of  some  point  of  the  shell  depend  nonlinearly  on 
coordinate  y.  In  this  case  both  all  desired  displacements  u(a,  6), 
v(a,  3),  w(a,  3),  as  well  as  the  known  functions  T°(a,  8)... 

N*(a,  3),  which  are  defined  according  to  the  classical  theory,  will 
be  functions  only  of  curvilinear  coordinates  a  and  6. 
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Having  the  values  of  i^,  u^,  u^,  with  the  help  of  the 
geometric  correlations  of  the  three-dimensional  theory  of  elas¬ 
ticity  it  is  easy  to  determine  the  strain  components  e^,  e^,  eag. 
The  indicated  deformations,  on  the  strength  of  (3>l)j  (3.2),  are 
represented  in  the  form  of  polynomials  in  powers  of  y,  namely: 

+  yzS  +  y’ni  +  Y^i 

e»  -  eJ  +  v*t*  +  Y’na  4-  y362  (3-5) 

tafr  (D  +  yr  *  4-  y’v  -f  Ys^ 

The  expansion  coefficient  e^...  X  not  given  here  can  be 
written  by  the  usual  method. 

Examining  the  expansion  ratios  we  note  that,  even  if  we  are 
restricted  to  two  members  of  expansions  (3.5)}  we  will  not  obtain 
the  results  of  the  classical  theory,  since  the  expansion  ratios 
are  basically  distinguished  from  the  appropr 5 ate  coefficients  of 
the  classical  theory.  Here  the  coefficients  k^* ,  t#  along  with 
common  members,  which  represent  changes  in  curvature  and  the 
twisting  of  the  middle  surface  of  the  shell,  contain  new  elements 
of  lateral  deformations  e  ,  e^  ,  e^. 

ll .  Solving  the  equations  of  the  generalized  Hooke's  law 
relative  to  the  calculated  stresses,  according  to  (2.1),  (3-5)  we 
obtain 

(fa  •  "I*  BX3a3  4~  Bx3a'  *1*  Y  (Bn^i  4~  Bl3bt  +  Bub')  4* 

I  Y*  (Bn'i  +  V»ct  +  +  f  (Bndx  +  Blld%  +  Bl%d') 

O/t  .  /hjrt..  4*  B\i<i\  4*  Bito'  +  Y  4-  Bnbl  4-  Bt%b')  4-  ( If ,  1 ) 

4-  Y’  (Buc2  ~i'  Bltcx  4-  Bltc')  4*  Y3  (B33d3  4*  Bndx  4”  B^d') 

•  Byfli  4*  B%xa'  4-  y  (Bltbl  +  B3tb3  4*  Bub')  4* 

4-  V*  Uhti  4'  B\&i  4-  Bmc')  4-  y*  (Bxidx  B^d^  4-  BMd') 
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at  vm^  t-qaacTO*rre-.»> 


where 


—  a***)!)"1, 

#i»  =  («Kaj»  —  <hiai*)  O’* 

^i»  (flu"««  —  flu*)  £2~4, 

Bi%  =  —  o„fl„)  Q“‘ 

»  («u«»  -  a«*)  ft'1, 

—  (ai«fl»*  —  8"' 

0  “  (fluaii  —  flu*)  fl*»  — 

a‘  “ e< ”*  a‘* (7j^~~'W^a)' 

a'  =  <.-«„(zi-  i-A'j 

£<r) 

,  4'=, 

ci  *U~"  au  -/(r  ^ 

c'  v  —  a,i»  -y-.,-  A.v 

<!'■  l-a-M- Ly 

(4.2) 


(4.3) 


Thus2  by  formulas  (4.1)  we  calculated  stresses  in  the  shell. 
These  stresses  change  according  to  a  nonlinear  law  through  the 
shell.  However,  often  in  formulas  (4.1)  it  is  possible  to  be 
restricted  to  only  the  first  two  groups  of  terms,  i.e.,  it  is 
possible  to  assume  a  linear  law  of  stress  distribution  oa,  o^,  xa^ 
through  the  shell. 

The  stresses  a a,  a^,  xa^  have  statically  equivalent  internal 
forces  and  moments,  which  will  be  defined  by  the  formulas 

7,  :.=  t\lml  4-  Cnm2  H-  Cl8r  +  kt  Vhini  d-  d~  /^us) 

T%  —  Cgf/rtf  +  CjiHij  4*  Cnr  d*  ki  (Oi3rtt  4*  d* 

(4.4) 

•S  —  C t%r  d*  C,»m1  4*  C|«Wj  4*  A’s  (^»»s  d*  d- 

»V,  C»or  4~  C1*ml  4*  c|0m,  4-  kt  (Dfts  4*  #it«i  d* 

Mi  ~  #ii«i  -r  4-  d-  (0u7i  d-  ^it7a  d*  #i«p) 

Mt  _  Z)„n,  4"  Duni  4"  4*  (^jj7i  d"  ^n7i  d"  D*tp) 

Hi  —  d*  ^i»«i  4*  0a«Hid-  A'i  (#»jP  +  #i»7i  d*  ^a»7»)  (4*5) 

//*  m  /?»»•  4*  0«fl|  4-  (£*«  p  4*  0»t?i  4- 
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where  the  following  designations  have  been  introduced: 


m  *  = 


/i» 


“l +  TT  ‘‘  ~  ei  +  T1 1i  -  «» (zi  -  -j-  A’) 
r  =  •'  +,  TTC'  -  “  +  TT  »  - “»•  (*.  -  X  «*) 

"•’■*«+  %"'•  +  If  *«  -  *•  l-f  *  -  £  <T) 

■■  “  *'  -  *»  (vz*  -  w  <r) 

«i  3Tfi ei  -i-  ITT  n.  “ (Zi  -  4*  A'°) 

/'  rr'  irr  v--fl3«(Zl"'^rA’J) 


(4.6) 


3*  Examining  the  above-derived  formulas,  equations  and  corre¬ 
lations  we  note  that  all  calculation  values  of  the  shell  are  a 
function  of  three  desired  displacements  u,  v,  w.  Besides  the 
desired  ones  they  also  contain  certain  new  elements  which,  accord¬ 
ing  to  the  given  formulas,  are  determined  from  the  solutions  to 
the  appropriate  problem  of  a  shell  from  the  classical  theory.  (All 
these  elements  are  disignated  by  "o.") 

To  get  resolvent  equations,  to  the  derived  ones  we  should  add 
the  equilibrium  equations,  the  correlations  of  the  continuity  of 
deformations  of  the  middle  surface,  and  boundary  conditions.  These 
all  differ  in  no  way  from  the  appropriate  representations  of  the 
classical  theory. 

6.  If  for  a  shell  the  coefficients  of  the  first  quadratic 
form  A,  B  and  the  curvatures  of  the  middle  surface  k^,  k?  are 
constant  or,  with  sufficiently  high  accuracy,  behave  as  constants, 
then  with  the  accuracy  of  the  technical  theory  of  shells  [1]  we 
obtain  the  following  resolvent  equations  relative  to  the  dec ired 
displacements : 
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,VT'  "A 
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A*n  (^ik)u  4"  fJlt(Clk)  0  4*  fsisiCto)  w - X  — 

JWp  «  «**  .  »>  i  dK*  ,  ,  Lfn  1  dz, 

“lp”T 


/I  da 


A*ii  (^jk) y  4-  A*u  (Cil;)  u  -■■  L jt  (0^)  w  ■*■  —  K  — 


3 

(p„_ 1.M1. 

j_  p.-JL 

dA'* 

2 

V  M  B  d3 

T?"  A 

di 

1 

/ 

P»4-^-)  +  *(p„i-t-+P..-i- f-)  (6.D 


!  +  ‘!',»T|)'*Tf)  <6-2> 


£»3  (Cu.)  u  -I-  /.„  (Cu}  u  4-  4a  ( />ik) «’  Z  -  4  ( *11*1  4-  iVw>)  a:0  4- 
+  4  1^1  (*>«)  <I>i0  +  £»  (Dik)  0,-1  -  />,  (/>,*)  4-  />•(/><«&<)  - 

Pi  (Ptk)  ^  4-  /» (Pufci  4-  P»fcs)  Z»  -  Ei  (/>«)  X*  4-  £*  ( Z>ik)  7*  (6.3) 


where 

P|»  —  ^nOis  4*  4*  5t*aD* 

Pjj  —  P*»aas  4"  A?12a13  4*  A?3*a3» 
P«»  =  -h  5j«on  +  P*«a»j 

where  for  linear  operators  we  have 


I  \0*ik)  **  7i*  Vi*  4'  ,12'hi'fi  "!' 

+  ( /y>*  +  2//«)  7,7jr  4-  #.*#  -Jy  ^jr 

l-t(Ett)  '■  4-  3fln  d3a(^.  4- 

+  (//„-!•  2/?a()  4-  Bi%  ~r 


A'U  (C«)  4-2  ~Y 


/I1  da’ 
C-  .)’ 


CjA 

<•)’ 

,  Cm 

+  1F 

<)’ 

707 

()3  d|J 

()[i* 

C?fl 

d» 

j.®2. 

d’ 

.1// 

'l-t  0\l 

1  .*«» 

r  //i  \  Cj«  «>*  ,  Ck  -I-  Ctr,  «*’  ,  C;r. 

‘*11  W-ik)  '  — r--r-r  1 - — 


.•i//'  '  <»a  »<;f  “*  7/;  <<;r 
i  <» 


.'1*  1)3’  'r 

/*ia(6jk)  ~  (h jC’u  4  A;C,2)  —  77  MAjCj«4 

^•ri(tjk)  '  (/<‘aCs2  4*  t*  (AjC'**  4*  />i^i#)“'d5[’ 

/,M (/>«)  ■"  />i:  -^r  4-  /'/*>u  -77577-  ^  4-  - (/^J  + 

4-  20*1)7^7,-  57»7|j5  4*  7777-3-  ,/3  ,ip  4-  7,7  7jr  4- 

4*  4-  2/<’|A’jCi2  A’j'tjj) 
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Pi(Pik)r  Pn  At  ,,xj  -r  2/^*0  A/t  P*2  /y;  itp 

I'ltflikki)  ~  (^1X^1  +  TP -^T  -r.Wis^t  + 

+  DM~mw+  2(Z>i4&i  +  Ditki^jirih^ 


The  desired  functions  u,  v,  w  (and  thus  ail  calculated  values) 
should  be  determined  from  system  of  equations  (6.1)— (6.3)  whose 
left  sides  differ  in  no  way  from  the  left  sides  of  the  appropriate 
equations  of  the  classical  theory.  As  concerns  the  right  parts  of 
these  equations,  they  are  distinguished  in  principle  from  the  right 
parts  of  the  appropriate  equations  of  the  classical  theory.  Here, 
along  with  common  load  members  X,  Y,  Z  there  are  also  certain 
reduced  loads  which  are  constructed  with  the  help  of  the  solutions 
to  the  appropriate  problem  of  the  classical  theory. 


7.  Let  us  examine  the  problem  of  an  axisymmetrically  loaded 
orthotropic  circular  cylindrical  shell,  freely  supported  on  its 
ends  and  supporting  a  normally  applied  load  which  changes  across 
the  surface  of  the  shell  according  to  the  law  Z  =  Z+  =  q  sin  na/l 
( l  -  the  length  of  the  shell,  q  -  the  intensity  of  the  load  in  the 
central  section  of  the  shell)  (Pig.  2). 


Fig.  2 


For  the  desired  functions  w  =  w(a)  and  F  =  F(a),  through 
which  all  calculated  values  of  the  problem  are  represented,  we 
obtain 
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Let  us  examine  a  numerical  example  of  a  transversally  isotropic 
shell  [1].  The  results  of  the  calculation  of  values  w/wQ  and 
F/Fq  at  different  values  of  the  ratios  e  =  E/E*  and  g  =  E/G',  when 
v  =  v'  =  0.3j  R /l  =  1,  h/l  -  0.2,  are  found  in  the  table.  In  each 
block  the  upper  numerals  relate  to  w/wQ,  and  the  lower  -  to  F/Fq. 


Table 


t  • 

R  0  .0 

g  ra  2.0 

/.’*■  :..o 

R  =  lft.0 

0.0 

1.0000 

1.0000 

1.0285 

1 .021'.:.' 

! 

1.0713 

1.0713 

1.1426 

1.1426 

1.0 

0.9591 

0.9919 

0.987(1 

1 .02:51 

1.0301 

1 .0062 

1 

1.1017 

1.1375 

2.0 

t 

1 

0.9181 

0.9898 

0.9100 

1.018:$ 

0.9895 

1.0611 

!  1 .0608 

1.1324 

5.0 

0.7954 

0.9746 

1 

0.8210 

0.9969 

0.8067 

1.0159 

1 

0.93S0 

1.1172 

Examining  the  table  we  note  that  with  strong  anisotropy, 
disregard  of  the  phenomena  associated  with  lateral  deformations 
can  lead  to  substantial  errors.  It  is  interesting  to  note  that  in 
certain  cases  the  correction  due  to  consideration  of  e  can  exceed 
that  due  to  consideration  of  transverse  shears. 
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